Abstract. Let Λ be a cluster-tilted algebra of finite type over an algebraically closed field and B be one of the associated tilted algebras. We show that the B-modules, ordered form right to left in the Auslander-Reiten quiver of Λ form a maximal forward hom-orthogonal sequence of Λ-modules whose dimension vectors form the c-vectors of a maximal green sequence for Λ. Thus we give a proof of Igusa-Todorov's conjecture.
Introduction
A maximal green sequence is a certain sequence of quiver mutations were introduced by Keller [18] in order to obtain quantum dilogarithm identities and refined DonaldsonThomas invariants of Kontsevich and Soibelman. At the same time, the same sequences of quiver mutations are studied in theoretical physics (see [1, 11] ). Maximal green sequences are also connected to representation theory [6] and cluster algebras [15] .
The Cluster-tilted algebras have been introduced and investigated by Buan, Marsh and Reiten [8] . They are the endomorphism rings of cluster-tilting objects in cluster categories. Cluster-tilted algebras have a key role in the study of cluster categories. Also an important connection between cluster algebras and cluster-tilted algebras was established in [9] and [10] .
Igusa in [17] studied maximal green sequences for cluster-tilted algebras of finite type. It is known that a cluster-tilted algebra of finite type over an algebraically closed field is isomorphic to the Jacobian algebra JpQ, W q of a quiver with potential of finite type [12] . Let Q be a finite type quiver with nondegenerate potential W over any field and Λ " JpQ, W q be the Jacobian algebra. Let β 1 ,¨¨¨, β m be a finite sequence of elements of N n where n is the number of vertices of Q. Igusa in [17] proved that the following conditions are equivalent:
(1) β 1 ,¨¨¨, β m are the c-vectors of a maximal green sequence for Λ. (2) There exist Schurian Λ-modules M 1 ,¨¨¨, M m with dimension vectors dimM i " β i such that: (a) Hom Λ pM i , M j q " 0 for all i ă j.
(b) No other module can be inserted into this sequence preserving paq. (3) There exists a generic green path γ crossing a finite number of stability walls
The sequence M 1 ,¨¨¨, M m of Schurian Λ-modules in p2q is called a maximal forward hom-orthogonal sequence [17] . Therefor, for any Jacobian algebra Λ " JpQ, W q of finite type, there is a one to one correspondence between the maximal green sequences and the maximal forward hom-orthogonal sequences of Schurian modules. Igusa and Todorov in the appendix of [17] studied the maximal forward hom-orthogonal sequences for clustertilted algebras of type A n . They used a theorem due to Assem et al. [2] and Zhu [19] , which gives an equivalent definition of cluster-tilted algebras. According to that theorem, any cluster-tilted algebra is isomorphic to the relation-extension of some tilted algebra. Let B be a tilted algebra of type A n and Λ be the relation-extension of B. Igusa and Todorov proved that the indecomposable B-modules, ordered from right to left in the Auslander-Reiten quiver of Λ, form a maximal forward hom-orthogonal sequence of Λ-modules. They also posted the following conjecture: Conjecture 1.1. (Igusa-Todorov) Let Λ be a cluster-tilted algebra of finite type and let B be one of the associated tilted algebras.
(a) The B-modules, ordered from right to left in the Auslander-Reiten quiver of Λ form a maximal forward hom-orthogonal sequence of Λ-modules whose dimension vectors form the c-vectors of a maximal green sequence for Λ. (b) The longest maximal green sequence for Λ is given in this way.
In this paper by using cluster repetitive algebras we prove the part paq of the IgusaTodorov's conjecture. Before proving our main result in Section 3 we provide the necessary background in the following section.
Preliminaries
A quiver Q is a quadruple pQ 0 , Q 1 , s, tq, where Q 0 is a set of vertices, Q 1 is a set of arrows and two functions s, t : Q 1 Ñ Q 0 assign to each arrow α P Q 1 its source spαq and its target tpαq, respectively. In this note, quivers will be finite and connected. A quiver is called cluster quiver if it has no loops or oriented 2-cycles.
2.1. Ice quivers and mutations. An ice quiver is a pair pQ, F q where Q is a quiver and F Ă Q 0 is a subset of vertices called frozen vertices such that there are no arrows between them. Elements of Q 0 zF are called mutable vertices. Let Q be a cluster quiver, pQ, F q be an ice quiver and l P Q 0 be a mutable vertex. The mutation of pQ, F q at l is a new ice quiver pµ l pQq, F q, where µ l pQq is obtained from Q by applying the following three steps:
(1) For every path i Ñ l Ñ j in Q, add a new arrow i Ñ j.
(2) Reverse the direction of all arrows incident to l in Q. (3) Remove any 2-cycles created and remove all the arrows created between frozen vertices. Two ice quivers are called mutation equivalent if one obtainable from the other by finitely many mutations at mutable vertices. Since mutation is involution, mutation equivalent defines an equivalence relation on the set of ice quivers. The equivalence class of an ice quiver pQ, F q, up to isomorphism of quivers that fixes the frozen vertices, is called mutation class of pQ, F q and is denoted by MutpQ, F q.
2.2.
Maximal green sequences. Let Q be a cluster quiver with the vertex set Q 0 " t1, 2,¨¨¨, nu. The framed quiver associated with Q is the ice quiver p Q where p Q 0 :" Q 0 \ tn`1, n`2,¨¨¨, 2nu, F " tn`1, n`2,¨¨¨, 2nu and p
A mutable vertex i of R is called green (resp., red) if there are no arrows in R of the form j 1 Ñ i (resp., i Ñ j 1 ) for some 1 ď j ď n. The celebrated theorem of Derksen et al. [13, Theorem 1.7] , implies that any mutable vertex of R is either green or red.
Let Q be a cluster quiver with the vertex set Q 0 " t1, 2,¨¨¨, nu. The exchange matrix E p Q of p Q is nˆ2n integer matrix with ijth entry e ij equal to the number of arrows from i to j minus the number of arrows from j to i in the quiver p Q. For any R P Mutp p Qq the nˆn submatrix of E R containing its last n columns is called c-matrix of Q. A row vector of a c-matrix is called a c-vector.
2.3.
Cluster-tilted algebras. Let H be a hereditary finite dimensional k-algebra, where k is an algebraically closed field and let D " D b pmodHq be the bounded derived category of finitely generated right H-modules with shift functor r1s. Also, let τ be the ARtranslation in D. The cluster category is defined as the orbit category C H " D{F , where F " τ´1r1s. The objects of C H are the same as the objects of D, but maps are given by [7] ). An object r T in C H is called cluster-tilting provided for any object X of C H , we have Ext 1 C H p r T , Xq " 0 if and only if X lies in the additive subcategory addp r T q of C H generated by r T . Let r T be a cluster-tilting object in C H . The cluster-tilted algebra associated to r T is the algebra End C H p r T q op [8] . It is known that a cluster-tilted algebra End C H p r T q op is of finite representation type if and only if H is Morita equivalent to the path algebra of a simply-laced Dynkin quiver [8] .
Assem, Brüstle and Schiffler [2] and Zhu [19] independently provided a characterization of cluster-tilted algebras. They proved that an algebra Λ is cluster-tilted if and only if there exists a tilted algebra B such that Λ -B c , where B c is trivial extension algebra B c " B˙Ext 2 B pDB, Bq, with D " Homp´, kq the k-duality. Recall that a k-algebra B is said to be tilted provided B is the endomorphism ring of a tilting H-module T , where H is a finite dimensional hereditary k-algebra.
2.4.
Maximal forward hom-orthogonal sequence. Let Λ be a k-algebra. For any finitely generated right Λ-module M, let F pMq " M K " tX P modΛ|Hom Λ pM, Xq " 0u and GpMq " K F pMq " tX P modΛ|Hom Λ pX, Y q " 0 for all Y P F pMqu. Therefor F pMq " GpMq K and pGpMq, F pMqq is a torsion pair in modΛ. A Λ-module M is called Schurian if its endomorphism ring is a division ring. 
2.5.
Cluster repetitive algebra. The cluster repetitive algebra is a certain Galois covering of a cluster-tilted algebra defined by Assem, Brüstle and Schiffler in [3] . Let B be a tilted algebra, B i " B and E i " Ext 2 B pDB, Bq with D " Homp´, kq the k-duality, for each i P Z. The following locally finite dimensional algebra without identity
where matrices have only finitely many non-zero entries, and the multiplication is induced from that of B, the B-B-bimodule Ext and E i Ñ E i´1 induce an isomorphism ϕ of q B. The orbit category q B{pϕq which inherits the structure of k-algebra from q B is isomorphic to Λ [3] . The projection functor q B Ñ Λ is a Galois covering functor with infinite cyclic group generated by ϕ and we denote by π : mod q B Ñ modΛ the corresponding push-down functor.
Main Result
Let Λ be an arbitrary cluster-tilted algebra of finite type. It is known that there exists a quiver Q of Dynkin type such that H " kQ, and a tilting H-module T such that Λ -B˙E where B " End H pT q and E " Ext 2 B pDB, Bq (see [2] or [19] ). Let pT pT H q, F pT Hbe the torsion pair induced by T in modH, where T pT H q " tX P modH|Ext 1 H pT, Xq " 0u and F pT H q " tX P modH|Hom H pT, Xq " 0u. The tilting H-module T induces a splitting torsion pair pX pT H q, YpT Hin modB, where X pT H q " tX P modB|X b B T " 0u and YpT H q " tY P modB|T or B 1 pY, T q " 0u. Let q B be the corresponding cluster repetitive algebra. The q B-modules are of the form pM i , α i q iPZ , with B-modules M i and B-homomorphisms α i :
Lemma 3.1. Let M " pM i , α i q iPZ be an indecomposable q B-module of finite length. Then there exists t P Z such that M t´1 P X pT H q, M t P YpT H q and M i " 0 for each i ‰ t, t´1.
Proof. There exist X i P X pT H q and Hom H pT, τ pX i" Hom H pT, tpτ pX iP YpT H q, where tpτ pX iis a torsion submodule of τ pX i q. By the adjoint formula, Hom B pX i b B E, X i´1 q -Hom B pX i , Hom B pE, X i´1 qq. But Hom B pE, X i´1 q P YpT H q and X i P X pT H q, and so Hom B pX i b B E, X i´1 q " 0. Also
Therefore the image of α i contains in X i´1 . Then the indecomposability of M implies that M t´1 " X t´1 and M t " Y t , for some t P Z and M i " 0 for each i ‰ t, t´1 and the result follows. Now, we are ready to prove our main theorem. Theorem 3.2. Let Λ be a cluster-tilted algebra of finite type and B be one of the associated tilted algebras. Then the indecomposable B-modules, ordered from right to left in the Auslander-Reiten quiver of Λ, form a maximal forward hom-orthogonal sequence of Λ-modules whose dimension vectors form the c-vectors of a maximal green sequence for Λ.
Proof. Let H " kQ be a representation finite hereditary algebra, T be a tilting Hmodule, B " End H pT q and E " Ext 2 B pDB, Bq such that Λ -B˙E. Let M i be the indecomposable B-modules numbered from right to left in the Auslander-Reiten quiver of Λ. We have Hom Λ pM i , M j q " 0 for i ă j (see the proof of [17, Lemma 3.24] ). Let M be an indecomposable Λ-module which is not a B-module. It is enough to show that the Λ-module M cannot be in any forward hom-orthogonal sequence which contains all indecomposable B-modules. By Lemma 3.1, q B is locally support finite and so by the density theorem of Dowbor and Skowroński [14] , there exists indecomposable q B-module
Then r L and r N are q B-modules and we
and Ă M t are Bmodules and M is not a B-module, f and g are nonzero homomorphisms. Finally, since Ă M t´1 P X pT H q, Ă M t P YpT H q and f and g are nonzero, the Λ-module M cannot be in any forward hom-orthogonal sequence which contains all indecomposable B-modules and the result follows.
The following example shows that there exist a cluster-tilted algebra Λ of finite type and an associated tilted algebra B such that the part pbq of the conjecture 1.1 is not true for Λ and B. 
and I "ă αβ´δη, ηγ, γδ, γα, βγ ą is an admissible ideal of kQ. Let H " kΓ be a representation finite hereditary algebra, where the quiver Γ given by
and T " P 1 ' P 2 ' S 4 ' P 4 be a tilting H-module, where P i is the indecomposable projective H-module corresponding to the vertex i of Γ and S i is the simple H-module corresponding to the vertex i of Γ. Then Λ -B˙Ext 
